Abstract: One-dimensional Buckley -Leverett's model of frontal displacement of petroleum by water is considered. We apply Backlund transformation to the Buckley -Leverett equation. This allows us to find Cauchy problem's solutions for this equation in quadratures. These results can be used in control of development of oil fields.
INTRODUCTION
Modelling of oil recovery process by water-flooding can be described by the differential equation of Buckley -Leverett
Here s = s(t, x) is the relative volume of water in pore space (water saturation), m is a coefficient of a capillary porosity, U is the sum of filtration velocities of water and oil, F (s) is the Buckley -Leverett function. The graph of this function see on Fig.1 . By Darcy's law
where κ is the oil formation permeability coefficient, q is the gradient of pressure: q = p x (t, x),
f w (s) and f o (s) are water and oil penetrability respectively, µ w and µ o dynamic viscosities of water and oil respectively (see Barenblatt, Entov, Ryzhik (2010) ).
The Buckley -Leverett function has the form
,
In Buckley -Leverett's model water and oil are considered incompressible. Therefore the sum of filtration velocities ⋆ This work was supported by the Russian Science Foundation (the grants No 15-19-00275). does not depend on coordinate x, i.e. the total derivative on x of the function U is zero:
Thus, we consider the following system of two partial differential equations instead of equation (1):
with initial and boundary conditions:
Here s = s(t, x) is the relative volume of water in pore space (water saturation), m is a coefficient of a capillary porosity, U is the sum of filtration velocities of water and oil, F (s) is the Buckley -Leverett function. The graph of this function see on Fig.1 .
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and
We suppose that the pumped well is located at the point x = 0. Boundary conditions (6) define the mode water injection into the oil reservoir. Note 1. Typically, the pressure gradient and the saturation of water are kept constant at pumped well. This means that the functions s 0 and q 0 in (6) could be constant.
Here we describe a method of constructing explicit solutions of system (4).
This article can be considered as a continuation of our work on the application of differential geometric methods in control theory of oil fields development (see Akhmetzianov, Kushner, Lychagin (2013-a), Akhmetzianov, Kushner, Lychagin (2013-b) , Akhmetzianov, Kushner, Lychagin (2015) ).
BACKLUND TRANSFORMATION AND INTEGRABILITY
Due to equations (3) and (1), we get:
The last equation can be written in the following form:
where Φ(s) := ln F ′ (s).
The graph of the function Φ see on Fig.2 .
Applying Backlund transformation
to this equation we get the following hyperbolic MongeAmpere equation:
The corresponding effective differential 2-form on the space of 1-jets J 1 (R 2 ) (see Kushner, Lychagin, Rubtsov (2007) ) is ω = 2u 1 du 2 ∧ dx 1 + dx 1 ∧ du 1 − dx 2 ∧ du 2 . Here x 1 = t, x 2 = x, u, u 1 , u 2 are canonical coordinates on the jet-space J 1 (R 2 ) (see Krasil'shchik, Lychagin, Vinogradov (1986)). Two Laplace forms of this equation are zero (see Kushner (2009) ). Therefore equation (9) can be integrated in quadratures. To construct its solution, we apply Legendre transformation (see Kushner, Lychagin, Rubtsov (2007) ) ϕ : (x 1 , x 2 , u, u 1 , u 2 ) � −→ (−u 1 , −u 2 , u−x 1 u 1 −x 2 u 2 , x 1 , x 2 ), which takes the form ω to the form ϕ
The last form corresponds to linear hyperbolic equation
General solution of this equation is
where F 1 and F 2 are arbitrary functions.
Applying inverse transformation ϕ −1 to solution (11) we get multivalued solutions (see Kushner, Lychagin, Rubtsov (2007) ) of equation (9) in parametric form:
Let's introduce two parameters a := −u 1 e −u2 , b:= −u 2 , and two functions k(a) := F 1 (a), r(b) := F 2 (b). Then the last formula can be rewritten in compact form:
From the geometrical point of view formula (13) gives a surface L in 5-dimensional space J 1 (R 2 ). It is not hard to check that a restriction of the differential form ω on L is zero. Therefore the surface L is a multivalued solution of equation (9).
of this surface to the plane of independent variables can have singular points that form a curve Σ on the surface (caustic). The set π 0 (L \ Σ) consists of graphs of classical solutions. Here
Shock waves (discontinuous solutions) are formed near caustics.
Any solution of equation (1) can be found by second part of formula (8). To do this one should solve functional equation u x = Φ(s) with respect to the function s.
INITIAL AND BOUNDARY CONDITIONS
Initial and boundary conditions (5) and (6) generate conditions for the function u. Let us find them.
It follows from (5) that
where φ(x) := Φ(s 0 (x)).
Howewer, from equation (6) and (4) we get:
Therefore the boundary condition for the function u is
where
and one should find the functions k = k(a) and r = r(b) such that above conditions (14) and (15) are satisfied.
Suppose that the initial moment of time corresponds to value a 0 of the parameter a, i.e. k ′ (a 0 ) = 0. Then condition (14) generates the equation
. This equation can be solved with respect to r ′ on intervals of monotony of the function φ:
The image of line x = 0 on the (a, b)-plane is the curve
or 
The curve 
This is a first order ordinary differential equation with respect to function k.
Let us consider the case when γ is a constant function (see Note 1). Then on intervals of monotony of the function B equation (19) can be solved with respect to the derivative
where g(a) := B −1 (ln(−a/γ)) and
Let us find the value of a 0 . If we put a = a 0 in formula (20) we get g(a 0 ) = 0, i.e. B −1 (ln(−a 0 /γ)) = 0. Then B(0) = ln(−a 0 /γ) and we get a 0 = −γe B(0) .
Note that the value of ξ can be arbitrary. We take ξ = 0. Then
THE METHOD TO CONSTRUCT SOLUTIONS OF BUCKLEY -LEVERETT'S EQUATION
Here we describe the method to construct solutions of Buckley -Leverett's equation. 
CONTROL OF FILTRATION VELOCITY
Suppose that there is an extracting well at the point x = l and let p 0 and p l be pressures on pumped and extracting wells respectively. .
This formula allows us to control the filtration velocity U by a difference of pressure on wells.
